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1 Introduction
Entanglement is a type of characteristic that cannot be described by the classic physics. It is
also known as an essential resource to a quantum processor and a quantum computation [].
A problem of great importance in the field of quantum information science is to qualitatively
analyze entanglement. That is, determine whether a state is separable or entangled. According
to the article of Werner in 1989 [1], a state of a bipartite system HAB is separable if it can
be written as a convex combination of pure product states
ρAB =
N∑
i=1
piρ
A
i ⊗ ρ
B
i , (1.1)
here pi ≥ 0,
∑N
i=1 pi = 1 and ρ
I
i being a pure state in a Hilbert space H
I with (ρIi )
2 = ρIi for
I = A,B. Otherwise, this state is entangled. The focus of this article will be on analyzing he
bipartitie separability of a specific class of states, the Werner states.
There are a number of applications, based on the symmetry of the Werner state, to en-
tanglement purification [2, 3], nonlocality [1, 4, 5], entanglement measures [6, 7], etc. Besides,
another interest problem is how to examine the physical meaning of the critical point between
the separable and entangled for the Werner states in a symmetry-qubit system. For this rea-
son, an enormous number of research works have been realized to find out the decomposition
formulation for the separable Werner states in a 2 × 2 system [8–11]. Unanyan, etc. [11]
proposes a decomposition formulation covering a part of the separable Werner states in a
3 × 3 system. For a separable Werner state in a system of a higher dimension, constructing
its decomposition formulation in terms of product states is a difficult task so far. In this
study, we design a process to construct a form to represent an arbitrary separable Werner
state in a d × d system. More specifically, this decomposition form will be demonstrated in
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the case that the dimension d equals to a power of 2. This decomposition is different from
the decompositions introduced in [8–11]. Because of this convex combination formulation of
separable Werner states were discussed in spinor basis, we keep our mind on the dimension
Werner states.
This article is organized as follows. In Sec. 2, we review the properties of Werner states
and, for our purpose, we expand a Werner state in terms of the spinor representation. Besides,
the separability of Werner states have been examined via Peres-Horodecki criterion [12,13]. In
Sec. 3, the procedure to obtain the decomposition form of aWerner state will be demonstrated.
Besides, the and dimension Werner states were decomposed in this section. A novel and
simple procedure to write down the convex combination formulation of product states for
separable Werner states was inducted. In Sec. 4, we give some respects for this decomposition
formulation.
2 Werner State
A Werner state ρW in a bipartite system H
AB, dimHA = dimHB = d, in general is defined as
an invariant state under all bipartite local unitary transformations of the form U⊗U ∈ SU(d2),
that is,
ρW = (U ⊗ U)ρW (U ⊗ U)
†. (2.2)
There are various kinds of explicit forms to represent a Werner state and the most popular
one is
ρW =
1
d3 − d
{(d− f)IA ⊗ IB + (df − 1)P}, (2.3)
where IA ⊗ IB is the identity in H
AB and P denotes the flip operator taking the form
P =
d∑
i,j=1
|i〉〈j| ⊗ |i〉〈j|. (2.4)
Note that the Werner state ρW is a one-parameter operator characterized by a real number
f = TrAB{ρW · P}.
To obtain the required decomposition, we consider a Werner state ρW in H
AB with d = 2p,
p ∈ N. In this case, the state can be written in the spinor representation. In terms of this
representation, the Werner state ρW in H2p×2p is written as
ρW =
1
23p − 2p
{(2p − f)I2p×2p +
2pf − 1
2p
3∑
i1,i2,··· ,ip=0
σi1i2···ip,i1i2···ip}, (2.5)
where the operator σi1i2···ip,i1i2···ip is defined in [14–19].
Each spinors of a Werner states in a 2p×2p system are commuting. Thus, there are linear
relation ~λ = H⊗pM⊗p~a between the eigenvalues of Werner states and coefficients of spinors.
Here the two matrices H and M are 4× 4 matrices taking the forms
H =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 and M =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 , (2.6)
name 3
and ~a = (a1, a2 · · · , a2p)
T denotes the vector of the coefficients of the spinors with a1 =
1
22p
and ar =
2pf−1
24p−22p for r > 1. The eigenvalues for the case p = 1 are of the form
λ1 =
1
22
{1−
3(2f − 1)
22 − 1
} and λr =
1
22
{1 +
(2f − 1)
22 − 1
}, (2.7)
2 ≤ r ≤ 4. While the eigenvalues for the case p = 2 are
λs =
1
24
{1−
15(22f − 1)
24 − 1
} and λt =
1
24
{1 +
3(22f − 1)
24 − 1
}, (2.8)
here 1 ≤ s ≤ 6 and 7 ≤ t ≤ 16. Generally, the eigenvalues for the case p ∈ N take the form
λs =
1
22p
{1−
(2p + 1)(2pf − 1)
22p − 1
} and λt =
1
24
{1 +
3(22f − 1)
24 − 1
}, (2.9)
here 1 ≤ s ≤ 2p+1 − 2 and 2p+1 − 1 ≤ t ≤ 22p. The requisite of ρW to be positive has the
parameter f in the range −1 ≤ f ≤ 1.
The Peres-Horodecki criterion or positive partial transpose (PPT) criterion [12, 13] gives
a necessary condition to determine the separability of a bipartite density operator ρAB. That
is, any separable state is still positive under the operation of partial transposition on party A
or B. According to this criterion, one derives the partial transpose of the Werner state [14–19]
ρW =
1
23p − 2p
{(2p − f)I2p×2p +
2pf − 1
2p
3∑
i1,i2,··· ,ip=0
(−1)µ(i1i2···ip)σi1i2···ip,i1i2···ip}. (2.10)
When p = 1, the eigenvalues of the partial transpose ρTBW are calculated as
λ1 =
1
22
{1 +
3(2f − 1)
22 − 1
} and λr =
1
22
{1−
(2f − 1)
22 − 1
}, (2.11)
2 ≤ r ≤ 4. As p = 2, the eigenvalues of ρTBW are
λs =
1
24
{1 +
15(22f − 1)
24 − 1
} and λt =
1
24
{1−
3(22f − 1)
24 − 1
}, (2.12)
here 1 ≤ s ≤ 6 and 7 ≤ t ≤ 16. The general form of the eigenvalues of ρTBW are
λs =
1
22p
{1 +
(2p + 1)(2pf − 1)
22p − 1
} and λt =
1
24
{1−
3(22f − 1)
24 − 1
}, (2.13)
here 1 ≤ s ≤ 2p+1 − 2 and 2p+1 − 1 ≤ t ≤ 22p. As long as the Werner state ρW is separable,
the partial transpose ρTBW is positive and the condition 0 ≤ f ≤ 1 is acquired. The condition
0 ≤ f ≤ 1 is the necessary condition for the separability of ρW and in the next section, through
the decomposition form, it is also the sufficient condition to determine the separability of ρW .
3 Decomposition Form
In this section, the decomposition forms for the Werner states in a 2× 2 system will be first
derived. Then, one decompose the Werner state in a 4× 4 system. The ns conditions for the
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bipartite separability will be discussed in both cases. Lastly, the decomposition form will be
extended to the case of the Werner state in a 2p × 2p system.
Firstly, we demonstrate the decomposition form of a separable Werner state in a bipartite
system HAB with dimHA = HB = 2. Based on Eq. 2.5, the Werner state, in terms of the
spinor representation, is written as
ρW =
1
23 − 2
{
22 − 1
2
I2 ⊗ I2 +
2f − 1
2
3∑
i=1
σi,i}. (3.14)
One can decompose this state into the following form
ρW =
1
6
3∑
i=1
∑
ǫ∈Z2
ρAi,ǫ ⊗ ρ
B
i,ǫ (3.15)
with the components
ρAi,ǫ =
1
2
(I2 + (−1)
ǫ
√
|2f − 1|σi) and ρ
B
i,ǫ =
1
2
(I2 + (−1)
ǫ
√
|2f − 1|σi). (3.16)
In this form, the state ρW is separable iff all the components ρ
A
i,ǫ and ρ
B
i,ǫ are positive operators.
The implication is obvious that ρAi,ǫ and ρ
B
i,ǫ are positive if ρW is separable. On the other
implication, both the eigenvalues of the components ρAi,ǫ and ρ
B
i,ǫ take the form
λi,ǫ =
1
2
{1 + (−1)ǫ
√
|2f − 1|} (3.17)
for ǫ ∈ Z2. The eigenvalues λi,ǫ are thus positive as the parameter f is in the range 0 ≤ f ≤ 1.
Thus, the components ρAi,ǫ and ρ
B
i,ǫ are positive and ρW is separable when 0 ≤ f ≤ 1. This
exactly coincides with the result of the PPT criterion. Yet, the decomposition form is given
to show the sufficient condition for the bipartite separability of the Werner state.
Then, consider the case of higher dimension for dimHA = HB = 4. By Eq. 2.5, the Werner
state in the spinor representation for p = 2 is written as
ρW =
1
26 − 22
{
24 − 1
22
I4 ⊗ I4 +
22f − 1
22
3∑
i,j=0,(i,j) 6=(0,0)
σij,ij}. (3.18)
This state cane be decomposed into the separable form
ρW =
1
20
∑
η∈Z2
∑
ǫ∈Z2
2
3∑
i=1
ρAi,ǫη ⊗ ρ
B
i,ǫη (3.19)
with the components
ρAi,ǫη =
1
4
{I4 +
√
22f − 1
22 − 1
[(−1)01·ǫσiη + (−1)
10·ǫσηi′ + (−1)
11·ǫσii′ ]} and
ρBi,ǫη =
1
4
{I4 +
√
22f − 1
22 − 1
[(−1)01·ǫσiη + (−1)
10·ǫσηi′ + (−1)
11·ǫσii′ ]}, (3.20)
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here i′ = 4− i and ζ · ǫ denoting the inner product of the two strings ζ and ǫ ∈ Z22 . Similarly,
the state ρW is separable iff the operators ρ
A
i,ǫη and ρ
B
i,ǫη are positive. A separable Werner
state of course leads to positive operators ρAi,ǫη and ρ
B
i,ǫη. While, on the other hand, the
eigenvalues of the components ρAi,ǫη and ρ
B
i,ǫη are of the forms
λi,ǫη =
1
4
{1 +
√
22f − 1
22 − 1
[(−1)01·ǫ + (−1)10·ǫ + (−1)11·ǫ]}. (3.21)
This has the component ρAi,ǫη and ρ
B
i,ǫη are positive when
1
2 ≤ f ≤ 1 and then ρW is separable.
The decomposition form can be extended to the Werner state of the case dimHA =
dimHB = 2p. The form is written as
ρW =
1
23p − 22p
3∑
i1,··· ,ip=0
1
2
{ρAi,+ ⊗ ρ
B
i,+ + ρ
A
i,− ⊗ ρ
B
i,−} (3.22)
with the component operators
ρAi,± =
1
2p
{I2p ±
√
|2pf − 1|σi1···ip} and
ρBi,± =
1
2p
{I2p ±
√
|2pf − 1|σi1···ip}. (3.23)
Likewise, the Werner state ρW is separable iff the components ρ
A
i,± and ρ
B
i,± are positive
operators.
As a brief summary, the procedure of decomposing any separable Werner state can be
itemized in the following steps.
1. Expand the Werner states in terms of the spinor representation.
2. Distribute the weighted of identity operator to each spinor.
3. Decompose each component containing the identity operator and spinors.
4. Accomplish the decomposition of Werner states as 2pf − 1 ≤ 0.
5. Collect the spinors whose local generators in subspace and are commutable.
6. Distribute the weighted of identity operator to each spinor.
7. Decompose each component containing the identity operator and spinors.
8. Accomplish the decomposition of Werner states as 2pf − 1 ≥ 0.
Notable, applying this procedure to the Werner state in any 2p × 2p system. Form 1st step
to 4th step, the decomposition formulation for the separable Werner states can be obtained
as 0 ≤ f ≤ 12p−1 . From 5th step to 8th step, the number of spinor whose local generators
in HA and HB are commuting is 2p − 1. One could obtain 2p + 1 components that contain
commutative spinors. For this reason, the identity operator I can be divided to 2p + 1 and
assigned to each component. The decomposition formulation for the separable Werner state in
a 2p× 2p system is thus obtained as 12p ≤ f ≤ 1. Therefore, this approach could decomposed
all separable Werner state in a 2p × 2p system.
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4 Conclusion
In this article, a novel and simple approach to write down the decomposition formulation for
separable dimension Werner states. The main idea of this approach include: 1. expanding the
Werner states in spinor basis; 2. dividing the spinor into some components; 3. distributing the
weighted of identity operator to each component; 4. decomposing the each component. The
sufficient condition of separable Werner states could be established by the positive eigenvalues
of local operators. This decomposition approach is validating for separable dimension Werner
states in . It is still a challenge problem to write down a decomposition formula of all separable
Werner states in any dimension. However, under the appropriate choices of basis, the correct
decomposition formulation of Werner states in arbitrary dimension would probably obtain.
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